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DEFORMATION THEORY OF THE CHOW GROUP OF ZERO-CYCLES
MORTEN LÜDERS
Abstract. We study the deformations of the Chow group of zero-cycles using Bloch’s
formula and differential forms. We thereby obtain a new proof of an algebraization theorem
for zero-cycles previously obtained using idelic techniques.
1. Introduction
Let A be a henselian discrete valuation ring with uniformising parameter π and residue
field k. Let X be a smooth projective scheme over Spec(A) of relative dimension d. Let
Xn := X ×A A/(π
n), i.e. X1 is the special fiber and the Xn are the respective thickenings
of X1. Let K
M
∗,X (resp. K
M
∗,Xn
) be the improved Milnor K-sheaf defined in [14].
One classicaly studies the formal deformations of Chow groups via Bloch’s formula set-
ting
CHp(Xn) := H
p(X1,K
M
p,Xn
)
Then one uses the commutative diagram
Hp(X1,K
M
p,Xn+1
)

// Hp(X1,K
M
p,Xn
)

// Hp+1(X1,Ω
p−1
X1
)

Hp(X1,Ω
p
Xn+1
) // Hp(X1,Ω
p
Xn
) // Hp+1(X1,Ω
p−1
X1
)⊕Hp+1(X1,Ω
p
X1
).
induced by the commutative diagram
0 // Ωp−1X1

// KMp,Xn+1

// KMp,Xn

// 0
0 // Ωp−1X1 ⊕ Ω
p
X1
// ΩpXn+1
// ΩpXn
// 0.
to find Hodge-theoretic conditions for the lifting of cycles. For more details on this approach
see [6] and [3]. If p = d, i.e. in the case of zero-cycles, these conditions are vacuous for
dimensional reasons. One can always lift a (thickened) zero-cycle to the next thickening.
We may therefore concentrate on studying the algebraization properties of such thickened
zero-cycles. We do this through a detailed study of the groupHd(X1,Ω
d−1
X1
) which describes
the difference between Hd(X1,K
M
d,Xn+1
) and Hd(X1,K
M
d,Xn
).
The author is supported by the DFG through CRC 1085 Higher Invariants (Universität Regensburg).
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Throughout this article we assume that either (1) k is of characteristic 0 and A = k[[π]]
or that (2) A is the Witt ring W (k) of a perfect field k of ch(k) > 2. In each of these two
cases there exists a well-defined exponential map
exp : Ωd−1X1 → K
M
d,Xn
defined by
xdlog(y1) ∧ ... ∧ dlog(yd−1) 7→ {1 + xπ
n−1, y1, ..., yd−1}
(see [3, Sec. 2] for (1) and [4, Sec. 12] for (2)). In these two cases we therefore get an
exact sequence
Ωd−1X1 → K
M
d,Xn
→ KMd,Xn−1 → 0
which we use to study the restriction map
resXn : CH
d(X)
∼= // Hd(X,KMd,X)
resXn // Hd(X1,K
M
d,Xn
)
assuming the Gersten conjecture for the Milnor K-sheaf KM∗,X for the isomorphism on the
left. The Gersten conjecture holds in case (1) by [14] and in case (2) with finite coefficients
if we assume ch(k) to be large enough by [18, Prop. 1.1]. Our main theorem is the following:
Theorem 1.1. With the above notation, and assuming the Gersten conjecture for the
Milnor K-sheaf KM∗,X , the map resXn : CH1(X)→ H
d(X1,K
M
d,Xn
) is surjective. In particular
the map
res : CH1(X)→ ”limn”H
d(X1,K
M
d,Xn
)
is an epimorphism in pro-Ab.
Theorem 1.1 is also proved in [18] using an idelic method. The approach of this article,
using differential forms, is closer to the deformation theory described above. We think that
it is of interest as well.
The text is organised as follows: in Section 5 we prove our main theorem for d = 2 using,
among others, results from Section 2. We then deduce the general case using a Lefschetz
theorem which is proved in Section 4. Section 3 is independent and treats the case of d = 1.
In the last section we list some open questions.
Acknowledgement. This article is part of the author’s PhD-thesis. I would like to thank
my supervisor Moritz Kerz for many helpful comments and discussions.
2. Local cohomology and some calculations
In this section we recall some definitions and calculations in local cohomology which we
will need later on. A standard reference for the following is [10, Ch. IV].
Let X be a locally noetherian scheme. To any sheaf of abelian groups F on X we can
associate a coniveau complex of sheaves
C(F) :=
⊕
x∈X(0)
ix,∗H
0
x(X,F)→
⊕
x∈X(1)
ix,∗H
1
x(X,F))→ ...
where ix : x→ X is the natural inclusion. This complex is also called the Cousin complex
of F .
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Definition 2.1. A sheaf F on X is called Cohen-Macaulay, or simply CM, if for every
x ∈ X it holds that H ix(X,F) = 0 for i 6= codim(x).
Via the coniveau spectral sequence
Ep,q1 =
⊕
x∈X(p)
Hp+qx (X,F)⇒ H
n(X,F)
one can easily deduce that the property of being CM for F is equivalent to C(F) being
an acyclic resolution of F (see [10, Ch. IV, Prop. 2.6]). In that case one can use C(F)
to calculate the cohomology of F , i.e. H∗(X,F) ∼= H∗(X, C(F)). Locally free sheaves are
CM (see [10, p.239]) so in particular the sheaf of differential forms Ω1X and its exterior
powers ΩaX are CM if X is a smooth variety over a field.
Lemma 2.2. Let k be a field and X1 be a scheme of dimension 1 over Spec(k). Let x ∈ X1
be a regular closed point and f a local parameter at x. Then
OX1,x[
1
f
]/OX1,x
∼= H1x(X1,OX1).
Proof. We calculate H1x(X1,OX1) locally as follows: Let X1,x := Spec(OX1,x). Applying
Motif B of [10, p.217] to the triple (x,X1, X1 − x), we get a short exact sequence
H0(X1,x,OX1|X1,x)→ H
0(X1,x−x,OX1 |X1,x−x)→ H
1
x(X1,x,OX1 |X1,x)→ H
1(X1,x,OX1|X1,x).
Since H1(X1,x,OX1 |X1,x) = 0, this gives an isomorphism
OX1,x[
1
f
]/OX1,x
∼= H1x(X1,x,OX1 |X1,x).

We now turn to the higher dimensional case. Similar calculations can be found in [2,
Sec. 5].
Lemma 2.3. Let k be a field and X1 be a scheme of dimension d > 1 over Spec(k). Let
x ∈ X1 be a regular closed point and f1, ..., fd ∈ mx a local parameter system at x. Then
Hdx(X,Ω
d−1
X1
) is generated by elements of the form
df1 ∧ ... ∧ dˆfi ∧ ... ∧ dfd
fn11 ...f
nd
d
modulo df1∧...∧dˆfi∧...∧dfd
f
n1
1 ...fˆj ...f
nd
d
over OX1,x.
Proof. Let U be an affine neighbourhood of x ∈ X1. Let V = {Vi := U − V (fi)} be a
covering of U − x. Then the Cˇech complex
0→
∏
Ωd−1X1 (Vi)→
∏
i 6=j
Ωd−1X1 (Vi ∩ Vj)→ ...→ Ω
d−1
X1
(V1 ∩ ... ∩ Vd)
gives an isomorphism
coker(
∏
Ωd−1(V1 ∩ ... ∩ Vˆi ∩ ... ∩ Vd))→ Ω
d−1(V1 ∩ ... ∩ Vd)) ∼= Γ(U,R
d−1j∗(Ω
d−1|U−x)),
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where j is the inclusion X1 − x →֒ X1. By Motif B of [10, p.220] and since d ≥ 2 there is
an isomorphism
Rd−1j∗(Ω
d−1|X1−x)
∼= Hdx(X1,Ω
d−1
X1
).
In other words, Γ(U,Hdx(X,Ω
d−1
X1
)) is generated by elements of the form df1∧...∧dˆfi∧...∧dfd
f
n1
1 ...f
nd
d
modulo df1∧...∧dˆfi∧...∧dfd
f
n1
1 ...fˆj...f
nd
d
over O(U). Passing to the limit, we get the desired result. 
In case (1) of the introduction, i.e. for k a field of characteristic 0, Sn = Speck[t]/(t
n),
S = Speck[[t]] and X smooth, separated and of finite type over S, there exists a short
exact sequence
0→ Ωr−1X1 → K
M
r,Xn
→ KMr,Xn−1 → 0
(see [3, Prop. 2.3]). In particular, KMr,Xn is CM for all n ≥ 1 (see [3, Prop. 3.5]). We now
show analogues statements for case (2).
Proposition 2.4. Let k be a perfect field with ch(k) = p > 2 and let X be a smooth scheme
over A := W (k). Then there is an exact sequence
(2.1) 0→ Ωr−1X1 /Bn−1Ω
r−1
X1
→ KMr,Xn+1 → K
M
r,Xn
→ 0.
Proof. Let Rn be an essentially smooth local ring over A/π
n. We define a filtration
U iKMr (Rn) ⊂ K
M
r (Rn) by
U iKMr (Rn) :=< {1 + π
ix, x2, ..., xr | x ∈ Rn, x2, ..., xr ∈ R
∗
n} > .
The U i fit into the following exact sequences:
0→ UnKMr (Rn+1)→ K
M
r (Rn+1)→ K
M
r (Rn)→ 0.
By [4, Proof of Prop. 12.3, Step 3] there is an isomorphism
Ωr−1R1 /Bi−1Ω
r−1
R1
∼= griKMr (Rn)
∼= U iKMr (Rn)/U
i+1KMr (Rn)
and since Un+1(KMr (Rn+1)) = 0, this implies that U
n(KMr (Rn+1))
∼= Ωr−1R1 /Bn−1Ω
r−1
R1
and
therefore the exact sequence
0→ Ωr−1R1 /Bn−1Ω
r−1
R1
→ KMr (Rn+1)→ K
M
r (Rn)→ 0.

Corollary 2.5. Let X be as in Proposition 2.4. Then the sheaf KMr,Xn is CM.
Proof. Applying the derived functor H ix(X1,−) to (2.1), we get the exact sequence
H ix(X1,Ω
r−1
R1
/Bn−1Ω
r−1
R1
)→ H ix(X1,K
M
r,X2
)→ H ix(X1,K
M
r,X1
).
By [12, Cor. 3.9, p. 572], the sheaf Ωr−1X1 /Bn−1Ω
r−1
X1
is locally free and therefore CM. The
sheaf KMr,X1 is CM by [14] and [15]. The result follows inductively. 
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3. The relative dimension 1 case
Before we state the main proposition of this section, we quickly review the theory of
pro-objects. Standard references are [1] and [9].
Let C be a category. The category of pro-objects pro-C in C is defined as follows: A
pro-object is a contravariant functor
X : I◦ → C,
from a filtered index category I to C, i.e. an inverse system of objects Xi in C. We
denote X also by ”lim”Xi or (Xi)i. The morphisms between two objects X = ”lim”Xi and
Y = ”lim”Yi ∈ in pro-C are given by
Hom(X, Y ) = lim←−
j
(lim−→
i
Hom(Xi, Yj)).
There is a natural fully faithful embedding of C into pro-C which associates to an object
C ∈ C the constant diagram C. This functor has a right adjoint pro-C → C, ”lim”Xi 7→
lim←−iXi. If C has finite direct (inverse) limits, then the functor
Hom(I◦, C)→ pro-C
commutes with finite direct (inverse) limits. In particular if C has finite direct and inverse
limits, then the above functor is exact (see [1, p.163]).
A criterion for when a map of pro-systems is an isomorphism is given by the following
proposition (see [13, Lem. 2.3]):
Proposition 3.1. A level map A→ B in pro-C, i.e. a map between pro-systems with the
same index category and maps As → Bs for all s ∈ I, is an isomorphism if and only if for
all s there exists a t ≥ s and a commutative diagram
At

// Bt
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
As // Bs.
We now give a proof of Conjecture 6.1 for d = 1.
Theorem 3.2. Let k be a finite field of characteristic p > 2 and A = W (k) the Witt ring
of k. Let X be a smooth projective scheme of relative dimension 1 over A. Then the map
res : CH1(X)⊗ Z/piZ→ ”lim”H1(X1,K
M
1,Xn/p
i)
is an isomorphism in the category of pro-systems of abelian groups.
Proof. We first note that CH1(X) ∼= Pic(X) and that Pic(X) ∼= lim←−
Pic(Xn) by [8, Thm.
5.1.4]. Furthermore, H1(X1,K
M
1,Xn
) = H1(X1,O
×
Xn
) ∼= Pic(Xn). It therefore suffices to
show that
lim←−Pic(Xn)⊗ Z/p
iZ→ ”lim”Pic(Xn)⊗ Z/p
iZ
is an isomorphism.
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Using the p-adic logarithm isomorphism 1 + pOXn
∼=
−→ pOXn , the short exact sequence
1→ (1 + pjOXn)→ O
×
Xn
→ O×Xj → 1
induces a short exact sequence
0→ H1(X1, p
jOXn)→ H
1(X1,O
∗
Xn
)→ H1(X1,O
∗
Xj
)→ H2(X1, p
jOXn) = 0
(the last equality following for dimension reasons). Applying the Functor lim←−n, we get an
exact sequence
lim←−
n
H1(X1, p
jOXn)→ lim←−
n
Pic(Xn)→ Pic(Xj)→ lim←−
n
1H1(X1, p
jOXn).
Now lim
←−
1
n
H1(X1, p
jOXn) = 0 since the inverse system (H
1(X1, p
jOXn))n satisfies Mittag-
Leffler being an inverse system of finite dimensional vector spaces. Tensoring with Z/piZ
gives the exact sequence
lim
←−
n
H1(X1, p
jOXn)⊗ Z/p
iZ→ lim
←−
n
Pic(Xn)⊗ Z/p
iZ→ Pic(Xj)⊗ Z/p
iZ→ 0.
We now apply the exact functor ” lim
←−j
” to this sequence. By the theorem on formal
functions, there is an isomorphism
” lim
←−
j
” lim
←−
n
H1(X1, p
jOXn)⊗ Z/p
iZ ∼= ” lim←−
j
”H1(X, pjOX)⊗ Z/p
iZ.
Since the image of the inclusion pi+jOX →֒ p
jOX vanishes modulo p
i, the same holds
for the image of the morphism H1(X, pi+jOX) → H
1(X, pjOX). By Proposition 3.1 this
implies that
” lim
←−
j
” lim
←−
n
H1(X1, p
jOXn)⊗ Z/p
iZ
is pro-isomorphic to zero and therefore that the theorem holds. 
4. A Lefschetz theorem
In this section we prove a Kodaira vanishing theorem which implies a Lefschetz theorem
allowing us later in Section 5 to reduce our main theorem to relative dimension 2.
To put the following proposition into context, we recall the Kodaira vanishing theorem.
A good reference is [5].
Theorem 4.1. Let X be a complex projective manifold and A an ample invertible sheaf.
Then
Ha(X,ΩbX ⊗A) = 0
for a+ b > dimX.
In this section let X1, unless otherwise stated, be a smooth projective scheme over a
field k. Let H ⊂ X1 be a hyperplane section and L(d) = |dH|, d > 0, be the linear system
of hypersurface sections of degree d. We say that a hypersurface section Y1 ⊂ X1 is of high
or sufficiently high degree if Y1 ∈ L(d) with d sufficiently large such that certain higher
cohomology groups vanish by Serre vanishing.
DEFORMATION THEORY OF THE CHOW GROUP OF ZERO-CYCLES 7
Proposition 4.2. Let Y1 be a smooth hypersurface of X1 and d = dimX1. If Y1 is of
sufficiently high degree, then
Ha(X1,Ω
b
Y1
⊗OX1 OX1(Y1)) = H
a(Y1,Ω
b
Y1
⊗OY1 OX1(Y1)|OY1 ) = 0
for a+ b > d− 1.
Proof. Note that the first equality in the statement follows from the projection formula
i∗Ω
b
Y1
⊗OX1 OX1(Y1) = i∗(Ω
b
Y1
⊗OY1 i
∗OX1(Y1)) for i the inclusion Y1 →֒ X1.
We first show that for ωX1 = Ω
d
X1
and ωY1 = Ω
d−1
Y1
, we have that
Ha>0(X1, ωY1 ⊗OX1 OX1(Y1)) = 0
if Y1 is of high degree. By [11, Ch. II, Prop. 8.20] we know that
ωY1
∼= ωX1 ⊗OY1 ⊗OX1(Y1).
This implies that ωX1 |Y1 = ωY1(−Y1) and therefore that the sequences
0→ ωX1(Y1)→ ωX1(2Y1)→ ωY1(Y1)→ 0
and
Ha(X1, ωX1(2Y1))→ H
a(X1, ωY1(Y1))→ H
a+1(X1, ωX1(Y1))
are exact. Since by Serre vanishing Ha(X1, ωX1(2Y1)) = H
a(X1, ωX1(Y1)) = 0 for a > 0
and Y1 of sufficiently high degree, this implies that if Y1 is of sufficiently high degree we
also have that Ha>0(X1, ωY1(Y1)) = H
a>0(Y1, ωY1 ⊗OX1 OX1(Y1)|OY1 ) = 0.
We now consider the exact sequence
0→ Ωp−1Y1 (−Y1)→ Ω
p
X1
|Y1 → Ω
p
Y1
→ 0
coming from the conormal exact sequence 0→ OY1(−Y1)→ Ω
1
X1
|Y1 → Ω
1
Y1
→ 0. Tensoring
with OY1(2Y1) gives an exact sequence
0→ Ωp−1Y1 (Y1)→ Ω
p
X1
(2Y1)|Y1 → Ω
p
Y1
(2Y1)→ 0.
This implies that the sequence
Ha(X1,Ω
b
Y1
(2Y1))→ H
a+1(X1,Ω
b−1
Y1
(Y1))→ H
a+1(X1,Ω
b
X1
(2Y1))
is exact. The proposition follows inductively. 
We can now deduce the following Lefschetz theorem:
Proposition 4.3. Let Y1 be a hypersurface section of X1 and d = dimX1. Then there is
a map
φ : Hd−1(Y1,Ω
d−2
Y1
)→ Hd(X1,Ω
d−1
X1
)
which is an isomorphism for d ≥ 4 and surjective for d = 3 if Y1 is of high degree.
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Proof. Let i denote the inclusion Y1 →֒ X1. We define φ to be the composition
Hd−1(Y1,Ω
d−2
Y1
) −→ Hd−1(Y1, R
1i!Ωd−1X1 )
∼= HdY1(X1,Ω
d−1
X1
)→ Hd(X1,Ω
d−1
X1
)
where the first map is induced by the Gysin map
g : Ωd−2Y1 → R
1i!Ωd−1X1 , ω 7→ ω ∧
dfd
fd
(see [7, Ch. II, (3.2.13)]) with fd is the regular parameter defining Y1. Since H
d(X1 −
Y1,Ω
d−1
X1−Y1
) = 0 for d ≥ 1, we have that
HdY1(X1,Ω
d−1
X1
) ∼= Hd(X1,Ω
d−1
X1
)
for d ≥ 2. We are therefore reduced to showing that g induces an isomorphism on Hd−1
for d− 1 ≥ 3 and a surjection for d− 1 = 2. We define a filtration
g(Ωd−2Y1 ) = F1 ⊂ F2 ⊂ ... ⊂ ∪i≥0F = R
1i!Ωd−1X1 ,
letting Fi be the subsheaf of R
1i!Ωd−1X1 locally defined by
< ω ∧
dfd
fndd
|nd ≥ i > .
Here ω ∈ Ωd−2Y1 .
Let griR
1i!Ωd−1X1 := Fi+1/Fi. Then griR
1i!Ωd−1X1
∼= Ωd−2Y1 ⊗OY1 OX1(Y1)|OY1 and the short
exact sequence
0→ Fi → Fi+1 → griR
1i!Ωd−1X1 → 0
induces the following exact sequence on cohomology groups:
Hd−2(Y1,Ω
d−2
Y1
⊗OY1 OX1(Y1)|OY1 )→ H
d−1(Y1,Fi)→ H
d−1(Y1,Fi+1)
→ Hd−1(Y1,Ω
d−2
Y1
⊗OY1 OX1(Y1)|OY1 )
(4.1)
By Proposition 4.2 we have that if Y1 is of high degree, thenH
d−1(Y1,Ω
d−2
Y1
⊗OX1OX1(Y1)|OY1 )
vanishes for d > 2 and Hd−2(Y1,Ω
d−2
Y1
⊗OX1 OX1(Y1)|OY1 ) for d > 3.
This implies that the maps Ha(Y1,Fi) → H
a(Y1,Fi+1) are isomorphisms for d ≥ 4 and
surjective for d = 3 if Y1 is of sufficiently high degree. Since H
a(Y1, lim−→Fi)
∼= lim−→H
a(Y1,Fi)
(see [11, Ch. III, Prop. 2.9]), the same holds for the maps Ha(Y1,F1 = Ω
d−2
Y1
) →
Ha(Y1, R
1i!Ωd−1X1 ). In particular, for d = dimX1 = 3 we get that H
d−1(Y1,Ω
d−2
Y1
) →
Hd(X1,Ω
d−1
X1
) is surjective and for d = dimX1 ≥ 4 that H
d−1(Y1,Ω
d−2
Y1
)→ Hd(X1,Ω
d−1
X1
) is
an isomorphism. 
Corollary 4.4. Let X be as in the introduction and d ≥ 3. Let Y1 a smooth hypersurface
section of X1. Let α ∈ H
d(X1,K
M
d,Xn
). If Y1 is of sufficiently high degree and contains
the image of α in CH0(X1) under the restriction map H
d(X1,K
M
d,Xn
) → Hd(X1,K
M
d,X1
) ∼=
CH0(X1), then Y1 lifts to a smooth projective subscheme Y of X over A and α is in the
image of Hd−1(Y1,K
M
d−1,Yn
)→ Hd(X1,K
M
d,Xn
) .
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Proof. That Y1 lifts to a smooth projective subscheme Y of X over A if it is of high degree
follows from Serre vanishing. We do the n = 2 case. The general case follows inductively.
Consider the commutative diagram
Hd(X1,Ω
d−1
X1
) // Hd(X1,K
M
d,X2
) // Hd(X1,K
M
d,X1
) // 0
Hd−1(Y1,Ω
d−2
Y1
) //
OO
Hd−1(Y1,K
M
d−1,Y2
) //
OO
Hd−1(Y1,K
M
d−1,Y1
)
OO
// 0
induced by the (right-)exact sequence of sheaves
Ωd−1 → KM2 → K
M
2 → 0
on X1 and Y1. The statement follows from Proposition 4.3 and a simple diagram chase. 
For the sake of completeness we also prove the following Lefschetz theorem. We will not
use it though.
Proposition 4.5. Let Y1 be a smooth hypersurface section of X1 and d = dimX1. Let i
denote the inclusion Y1 →֒ X1. Then the map
i∗ : Hq(X1,Ω
p
X1
)→ Hq(Y1,Ω
p
Y1
)
is an isomorphism for p+ q < d− 1 and injective for p+ q = d− 1 if Y1 is of high degree.
Proof. We factorise the map i∗ : ΩpX1 → i∗Ω
p
Y1
by
ΩpX1 → i∗(Ω
p
X1
|Y1)
followed by
i∗(Ω
p
X1
|Y1)→ i∗Ω
p
Y1
and show that each of these maps induce isomorphisms, resp. injections, on cohomology
in the stated range.
We first consider the exact sequence
0→ ΩpX1(−Y1)→ Ω
p
X1
→ ΩpX1 |Y1 → 0.
This induces the exact sequence
Hq(X1,Ω
p
X1
(−Y1))→ H
q(X1,Ω
p
X1
)→ Hq(Y1,Ω
p
X1
|Y1)→ H
q+1(X1,Ω
p
X1
(−Y1)).
By Serre dualityHq(X,ΩpX1(−Y1))
∼= Hd−q(X,Ω
d−p
X1
(Y1)). This implies thatH
q(X1,Ω
p
X1
)→
Hq(Y1,Ω
p
X1
|Y1) is an isomorphism for p + q < d− 1 and injective for p + q = d− 1 if Y1 is
of sufficiently high degree by Serre vanishing.
We now consider the exact sequence
0→ Ωp−1Y1 (−Y1)→ Ω
p
X1
|Y1 → Ω
p
Y1
→ 0
on Y1. This induces the exact sequence
Hq(Y1,Ω
p−1
Y1
(−Y1))→ H
q(Y1,Ω
p
X1
|Y1)→ H
q(Y1,Ω
p
Y1
)→ Hq+1(Y1,Ω
p−1
Y1
(−Y1))
10 MORTEN LÜDERS
which by Serre duality and Proposition 4.2 implies that Hq(Y1,Ω
p
X1
|Y1)→ H
q(Y,ΩpY1) is an
isomorphism for p+ q < d+ 1 and injective for p+ q = d+ 2 if Y1. 
Remark 4.6. Proposition 4.5 is an analogue of the following theorem (see for example
[21, Thm. 1.29]): Let X be an n-dimensional compact complex variety and let Y →֒ X
be a smooth hypersurface such that the line bundle OX(Y ) = (IY )
∗ is ample. Then the
restriction
j∗ : Hk(X,Q)→ Hk(Y,Q)
is an isomorphism for k < n− 1 and injective for k = n− 1.
This theorem may be deduced from Kodaira vanishing using the Hodge decomposition for
YC and XC. We note that when working over an arbitrary field k, one seems to need the
extra assumption that Y is of high degree to obtain Lefschetz theorems.
5. Main theorem
We return to the situation of the introduction. Let A be a henselian discrete valuation
ring with uniformising parameter π and residue field k. Let X be a smooth projective
scheme over Spec(A) of relative dimension d. Let Xn := X ×A A/(π
n), i.e. X1 is the
special fiber and the Xn are the respective thickenings of X1. We assume furthermore that
either (1) k is of characteristic 0 and A = k[[π]] or that (2) A is the Witt ring W (k) of a
perfect field k of ch(k) > 2.
Let us first recall how one can lift a regular closed point x ∈ X1 to a 1-cycle on X: Let
{f1, ..., fd} ⊂ OX1,x be a generating set of local parameters and let {f˜1, ..., f˜d} be lifts of
these generators to OX,x. The ideal f˜1OX,x+ ...+ f˜dOX,x defines a subscheme of SpecOX,x
and its closure in X defines a subscheme Z of X. The unique irreducible component of Z
containing x is a prime-cycle C ∈ Z1(X) which is flat and finite over A. Such liftings are
of course not unique.
We also introduce the following notation: Let X be a scheme and Z an effective Cartier
divisor on X. Let C be a curve in X, i.e. an effective 1-cycle on X. Let
(Z,C)x := lengthOX,x(OX,x/IZ + IC)
be the intersection multiplicity of Z and C at x. We say that Z and C intersect transversally
at x if (Z,C)x = 1 and if Z and C are regular at x. If Z and C intersect transversally
everywhere, we denote this by Z ⋓ C.
In this section we show the following proposition:
Proposition 5.1. Let X be of relative dimension 2 over A. Then, assuming the Gersten
conjecture for the Milnor K-sheaf KM∗,X , the map resXn : CH1(X) → H
2(X1,K
M
2,Xn) is
surjective. In particular the map
res : CH1(X)→ ”limn”H
2(X1,K
M
2,Xn)
is an epimorphism in pro-Ab.
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We need some preparation for the proof. From now on we assume that d = 2 and in
particular that dimX1 = 2. Consider the (right-)exact sequence
Ω1X1 → K
M
2,X2 → K
M
2,X1 → 0.
We will lift elements which lie in the kernel of res : H2(X1,K
M
2,X2
) → H2(X1,K
M
2,X1
) in a
compatible way to CH1(X). The kernel of res is in the image of H
2(X1,Ω
1
X1
). Now since
Ω1X1 is CM, H
2(X1,Ω
1
X1
) is isomorphic to
coker(⊕
x∈X
(1)
1
H1x(X1,Ω
1
X1
)→ ⊕
x∈X
(2)
1
H2x(X1,Ω
1
X1
)).
In order to proceed, we need to study this cokernel and the occurring local cohomology
groups a bit further. By Lemma 2.3 we have that H2x(X1,Ω
1
X1
) is generated by differential
forms of the form
df1
fn11 f
n2
2
OX1,x ⊕
df2
f
n′1
1 f
n′2
2
OX1,x mod
dfi
f
nj
j
OX1,x
for {f1, f2} a system of local parameters in OX1,x and i, j ∈ {1, 2}.
We define subgroups
Fr :=<
df1
fn11 f
n2
2
+
df2
f
n′1
1 f
n′2
2
|n1 + n2 − 1 ≤ r, n
′
1 + n
′
2 − 1 ≤ r >
of H2x(X1,Ω
1
X1
) with respect to a system of local parameters. Sometimes we therefore write
H2x(X1,Ω
1
X1
)(f1,f2) instead of H
2
x(X1,Ω
1
X1
) to indicate with respect to which system of local
parameters we are working. Then
0 ⊂ F1 ⊂ F2 ⊂ ... ⊂ H
2
x(X1,Ω
1
X1
)(f1,f2)
defines an ascending filtration on H2x(X1,Ω
1
X1
). We will call elements of F1 forms with
simple poles. The following lemma shows that this definition is in fact independent
of the chosen parameter system, meaning that there is a natural isomorhism between
H2x(X1,Ω
1
X1
)(f1,f2) and H
2
x(X1,Ω
1
X1
)(f ′1,f ′2) for two local parameter systems {f1, f2} and
{f ′1, f
′
2} inducing isomorphisms on the respective filtrations. This isomorphism is given
by considering a differential form with respect to the respective defining parameter sys-
tems.
Lemma 5.2. (1) Let x ∈ X1 be a closed point. Then subgroups Fr ⊂ H
2
x(X1,Ω
1
X1
) are
independent of the local parameter system we consider them in.
(2) In particular, the subgroup
F1 =<
df1
f1f2
OX1,x ⊕
df2
f1f2
OX1,x >⊂ H
2
x(X1,Ω
1
X1
)
is independent of the chosen local parameter system of OX1,x. We therefore denote
it by Λx.
(3) The graded pieces
Fr+1/Fr
are independent of the chosen local parameter system of OX1,x.
12 MORTEN LÜDERS
Proof. It suffices to show the proposition for two parameter systems (f1, f2) and (f1, f
′
2)
and f2 = f
′
2 + βf1. We saw in Section 2 that H
2
x(X1,Ω
1
X1
) can be calculated locally as
Hˆ1(SpecOX1,x \{x},Ω
1
X1
) with respect to coverings of of SpecOX1,x \{x}. Now considering
df2
f
n1
1 f
n2
2
∈ Hˆ1(SpecOX1,x \ {x},Ω
1
X1
) for the covering D(f1) ∪D(f2) of SpecOX1,x \ {x}, we
can pass to the smaller covering D(f1) ∪D(f2f
′
2) of SpecOX1,x \ {x}. With respect to this
covering
df2
fn11 f
n2
2
=
df ′2
fn11 f
′n2
2 (1 + β
f1
f ′2
)n2
+
βdf1
fn11 f
′n2
2 (1 + β
f1
f ′2
)n2
is equivalent to
(
∑∞
n=0(−β
f1
f ′2
)n)n2df ′2
fn11 f
′n2
2
+
(
∑∞
n=0(−β
f1
f ′2
)n)n2βdf1
fn11 f
′n2
2
since 1
f
n1
1 f
′n2
2 (1+β
f1
f ′
2
)n2
converges to
(
∑
∞
n=0(−β
f1
f ′
2
)n)n2
f
n1
1 f
′n2
2
in OX1,x[
1
f1f2f
′
2
]/OX1,x[
1
f2f
′
2
], which lies
again in Fn1+n2−1 considering it as an element of Hˆ
1(SpecOX1,x \ {x},Ω
1
X1
) with respect to
the covering D(f1) ∪D(f
′
2). This proves (1). (2) and (3) follow immediately. 
In order to prove Proposition 5.1, we need to prove key Lemma 5.4. Its proof is inspired
by the techniques of [17] from which we cite the following lemma:
Lemma 5.3. ([17, Lemma 10.2]) Let X be a noetherian scheme, E an effective Cartier
divisor on X, and A be an effective Cartier divisor on E. Let F be a coherent OX-module
such that
H1(X,F ⊗OX(−E)) = H
1(E,F|E ⊗OE(−A)) = 0.
Then the restriction resA : H
0(X,F)→ H0(A,F|A) is surjective.
By Lemma 5.2 we can talk about the pole order of elements of H2x(X1,Ω
1
X1
) independent
of the parameter system chosen. In particular, the following lemma makes sense:
Key lemma 5.4. Every element γ ∈ H2x(X1,Ω
1
X1
) is equivalent to a sum of forms with
simple poles in H2(X1,Ω
1
X1
).
Proof. Without loss of generality we work with γ = αdf1
f
n1
1 f
n2
2
∈ H2x(X1,Ω
1
X1
). Let D1 be a
regular curve containing x and f ′1 a local parameter of D1 at x. We consider
αdf1
f
n1
1 f
n2
2
in
H2x(X1,Ω
1
X1
)(f ′1,f2). By Lemma 5.2, γ is still in Fr+1 for r + 1 = n1 + n2. We may assume
that it is of the form
αdf ′1
f
′n1
1 f
n2
2
.
Let H ⊂ X1 be a hyperplane section and for an integer d > 0 let L(d) = |dH| be the
linear system of hypersurface sections of degree d.
Now for d≫ 0 there exists an F 1 ∈ L(d) such that
(1) x ∈ F 1,
(2) F 1 ⋓D1 at any y ∈ F
1 ∩D1.
For d′ sufficiently large relative to d, there exists an F 2 ∈ L(d′) such that
DEFORMATION THEORY OF THE CHOW GROUP OF ZERO-CYCLES 13
(1) x ∈ F 2,
(2) F 2 ⋓D1 at any y ∈ F
2 ∩D1,
(3) F 1 ∩ F 2 ∩D1 − x = ∅.
We choose F 3, ..., F n2 analogously. Furthermore, we choose F n2 to be of sufficiently high
degree so that
H1(X1,Ω
1
X1
((n1−1)D1+F
1+...+F n2))) = H1(D,Ω1X1(n1D1+F
1+...+F n2)|D⊗OD(−x)) = 0
holds by Serre vanishing. By Lemma 5.3, the last condition implies that the restriction
map
H0(X1,Ω
1
X1
(n1D1 + F
1 + ... + F n2))
res
−→ H0(x,Ω1X1(n1D1 + F
1 + ...+ F n2)⊗ k(x))
is surjective. Let y be the generic point of D1. By construction, the diagram
H0(X1,Ω
1
X1
(n1D1 + F
1 + ...+ F n2))

res // // Ω1X1(n1D1 + F
1 + ... + F n2)⊗ k(x)

H1y (X1,Ω
1
X1
)
dx // Fr+1/FrH
2
x(X1,Ω
1
X1
)
is commutative and αdf1
f
n1
1 f
n2
2
lies in Ω1X1(n1D1 + F
1 + ... + F n2) ⊗ k(x). Notice that the
map on the right is well-defined. This implies that there is a γ ∈ H1y (X1,Ω
1
X1
) such that
dx(γ) =
αdf1
f
n1
1 f
n2
2
. Furthermore for any x′ ∈ |D1| − x, the form dx′(γ) has at most simple
poles in f2 at x
′, i.e. dx′(γ) ∈ Fn2+1. Now we apply the same construction to the form
dx′(γ) which completes the proof. 
Proof of Proposition 5.1. Let x ∈ X be a closed point and X1,x be the spectrum of the
stalk of OX1 in x. The Cˇech to derived functor spectral sequence
Ep,q2 = Hˇ
p(U ,Hq(X,F))⇒ Hp+q(X,F)
induces an edge map
Hˇ i(U ,F)→ H i(X,F).
Since this edge map is functorial in F , we get a commutative diagram
Hˇ1(X1,x − x,Ω
1
X1
)
∼=

// Hˇ1(X1,x − x,K
M
2,Xn
)

H1(X1,x − x,Ω
1
X1
) ∼= H2x(X1,Ω
1
X1
) // H1(X1,x − x,K
M
2,Xn)
∼= H2x(X1,K
M
2,Xn)
for a closed point x ∈ X1. We saw in Lemma 2.3 that Hˇ
1(X1,x − x,Ω
1
X1
) is generated by
elements of the form α1
f
n1
1
df2
f
n2
2
+ α2
f
n2
2
df1
f
n1
1
for a local parameter system (f1, f2) ∈ OX1,x and by
key Lemma 5.4 we may assume that it has simple poles. The point of the proof is that for
forms with simple poles we can write down explicit lifts of these forms to CH1(X).
Without loss of generality we consider the form αdf1/(f1f2). We lift αdf1/(f1f2) to
V (f˜1, f˜2 + πn−1α)− V (f˜1, f˜2) ∈ CH1(X)
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where f˜1, f˜2 ∈ OX,x are lifts of f1 and f2. We now show that this lift is mapped to
exp(αdf1/(f1f2)) = {f1, 1 + π
n−1α/f2} ∈ H
2
x(X1,K
M
2,Xn) by the restriction map. The map
res : CH1(X)→ H
2(X,KM2,X),
induced by the assumption of the Gersten conjecture, sends the cycle V (f˜1, f˜2 + πn−1α)−
V (f˜1, f˜2) to ({f˜1, f˜2 + π
n−1α},−{f˜1, f˜2}) in
Hˇ1(X
V (f˜1,f˜2+pin−1α)
− V (f˜1, f˜2 + πn−1α),K
M
2,X)⊕ Hˇ
1(X
V (f˜1,f˜2)
− V (f˜1, f˜2),K
M
2,X).
Finally, the restriction map
H2(X,KM2,X)→ H
2(X,KM2,Xn)
sends the tuple of Cˇech-cycles ({f˜1, f˜2+π
n−1α},−{f˜1, f˜2}) to {f˜1, 1+π
n−1α/f˜2} ≡ {f1, 1+
πn−1α/f2} ∈ Hˇ
1(X1 − x,K
M
2,Xn). In sum this shows in particular that
ker[H2(X1,K
M
2,Xn)→ H
2(X1,K
M
2,Xn−1
)]
is in the image of CH1(X).
The surjectivity of CH1(X) → H
2(Xn,K
M
2,Xn) now follows by induction: For n = 1 this
is just the surjectivity of CH1(X) → CH0(X1). For n > 1, let α ∈ H
2(X1,K
M
2,Xn). Let
αn−1 be the image of α in H
2(X1,K
M
2,Xn−1
). By assumption there is a cycle Z ∈ CH1(X)
mapping to αn−1. Denote the image of Z in H
2(Xn,K
M
2,Xn) by αZ . Now α − αZ is in
the kernel of H2(X1,K
M
2,Xn) → H
2(X1,K
M
2,Xn−1
) and by the above construction lifts to an
element Z ′ ∈ CH1(X). Now Z
′ − Z maps to α. 
Corollary 5.5. Let X be as in Proposition 5.1 but of arbitrary relative dimension d over
A. Then, assuming the Gersten conjecture for the Milnor K-sheaf KM∗,X , the map resXn :
CH1(X)→ H
d(X1,K
M
d,Xn
) is surjective. In particular the map
res : CH1(X)→ ”limn”H
d(X1,K
M
d,Xn
)
is an epimorphism in pro-Ab.
Proof. This follows immediately from Corollary 4.4, Proposition 5.1 and standard Bertini
arguments. 
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6. Open problems
The proof of Proposition 5.1 can be summed up in the following diagram:
Λx
&&▲▲
▲▲
▲▲
▲▲
▲▲
▲
lift
yy
CH1(X)

H2x(X1,Ω
1
X1
)

H2(X,KM2,X) // H
2(X1,K
M
2,X2
)

H2(X1,K
M
2,X1
)
The question remains if there is a well-defined map Λx → CH1(X)/Fn for some filtration
.. ⊂ F2 ⊂ F1 ⊂ CH1(X)
making the above diagram commutative. This would make it possible to construct an
inverse to the restriction map
res : CH1(X)/Fn → H
2(X1,K
M
2,Xn).
Furthermore, if ” limn ”Fn⊗Z/p
rZ, then this would imply the following conjecture by Kerz,
Esnault and Wittenberg:
Conjecture 6.1. [16, Sec. 10] The map
res : CHd(X)⊗ Z/prZ→ ”limn”H
d(X1,K
M
d,Xn
/pr)
is an isomorphism in pro-Ab if ch(Quot(A)) = 0 and if k is perfect of characteristic p > 0
.
Let us consider the case where X is of relative dimension 1 over A. Let Fn be the
subgroup of CH1(X) generated by all cycles Z vanishing on Xn, i.e. Z|Xn = 0. By Lemma
2.2 we know that H1x(X1,OX1)
∼= OX1,x[
1
f
]/OX1,x for a local parameter f ∈ OX1,x. In this
case we can define a map
γx : OX1,x[
1
f
]/OX1,x → CH1(X)/Fn
by
α =
α0
fm
7→ V (f˜m + α0π
n−1)− V (f˜m)
where f˜ ∈ OX,x is a lifting of f . That γx is well-defined can be seen as follows: Let
f˜1, f˜2 ∈ OX,x be liftings of f . Then (1+
α0
˜fm1
πn−1)/(1+ α0˜fm2
πn−1) ≡ (1+ ( α0˜fm1
− α0˜fm2
)πn−1) = 1
mod πn.
Let A is as in case (2). Then by an argument similar to that in Section 3, where we
showed Conjecture 6.1 for d = 1, we see that ”limn”Fn⊗Z/p
rZ = 0. Conjecture 6.1 would
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therefore hold if ker[res : CH1(X)/Fn → H
d(X1,K
M
d,Xn
)] is generated by the filtrations
defined above on smooth relative curves. For a similar conjecture see [18, Conj. 5.7].
Remark 6.2. Let XK be a smooth projective variety over a p-adic field K. In [16, Sec.
10], a relation between Conjecture 6.1 and a question by Colliot-Thélène is postulated: is
there a (non-canonical) isomorphism
CH0(XK) ∼= Z⊕ Z
m
p ⊕ (finite group)⊕ (divisible group)?
Let us sketch this relationship. Let A be the ring of integers in K. Let X be a smooth
and projective scheme of relative dimension d over A. For a smooth projective (over A)
subscheme of codimension one Y ⊂ X we expect that the map
”limn”H
d−1(Y1,K
M
d−1,Yn/p
r)→ ”limn”H
d(X1,K
M
d,Xn
/pr)
is an isomorphism for d ≥ 3 and surjective for d = 2 if we choose Y to be of high degree.
For n = 1, this follows from class field theory and standard Lefschetz theorems for the étale
fundamental group. In order to prove this for arbitrary n, the Lefschetz theorem of Section
4, Proposition 4.3, needs to be improved by one degree. This and the injectivity of res for
arbitrary dimension would imply that the map
CH1(Y )/p
r → CH1(X)/p
r
is bijective for d ≥ 3 and surjective for d = 2. Since CH1(Y )→ CH0(YK) and CH1(X)→
CH0(XK) are surjective, the same statement would hold for
CH0(YK)/p
r → CH0(XK)/p
r.
For a curve CK over K we know that
A0(CK) ∼= A
m ⊕ (finite group)
for some m ∈ N (see [19]). This implies, under the above assumptions, the same result for
the p-completion of CH1(XK) and therefore a positive answer to the above Question.
The corresponding weak Lefschetz theorem for l prime to p saying that the map
CH1(Y )/l
r → CH1(X)/l
r
is bijective for d ≥ 3 and surjective for d = 2 is proved in [20, Cor. 9.6].
References
[1] M. Artin and B. Mazur, Etale homotopy, Lecture Notes in Mathematics, No. 100, Springer-Verlag,
Berlin-New York, 1969.
[2] S. Bloch, Semi-regularity and deRham cohomology, Invent. Math., 17 (1972), pp. 51–66.
[3] S. Bloch, H. Esnault, and M. Kerz, Deformation of algebraic cycle classes in characteristic zero,
Algebr. Geom., 1 (2014), pp. 290–310.
[4] , p-adic deformation of algebraic cycle classes, Invent. Math., 195 (2014), pp. 673–722.
[5] H. Esnault and E. Viehweg, Lectures on vanishing theorems, vol. 20 of DMV Seminar, Birkhäuser
Verlag, Basel, 1992.
[6] M. Green and P. Griffiths, Formal deformation of Chow groups, in The legacy of Niels Henrik
Abel, Springer, Berlin, 2004, pp. 467–509.
DEFORMATION THEORY OF THE CHOW GROUP OF ZERO-CYCLES 17
[7] M. Gros, Classes de Chern et classes de cycles en cohomologie de Hodge-Witt logarithmique, Mém.
Soc. Math. France (N.S.), (1985), p. 87.
[8] A. Grothendieck, éléments de géométrie algébrique. III. étude cohomologique des faisceaux co-
hérents. I, Inst. Hautes Études Sci. Publ. Math., (1961), p. 167.
[9] A. Grothendieck and J.-L. Verdier, Théorie des topos et cohomologie étale des schémas. Tome
1: Théorie des topos, Lecture Notes in Mathematics, Vol. 269, Springer-Verlag, Berlin-New York,
1972. Séminaire de Géométrie Algébrique du Bois-Marie 1963–1964 (SGA 4), Dirigé par M. Artin, A.
Grothendieck, et J. L. Verdier. Avec la collaboration de N. Bourbaki, P. Deligne et B. Saint-Donat.
[10] R. Hartshorne, Residues and duality, Lecture notes of a seminar on the work of A. Grothendieck,
given at Harvard 1963/64. With an appendix by P. Deligne. Lecture Notes in Mathematics, No. 20,
Springer-Verlag, Berlin-New York, 1966.
[11] , Algebraic geometry, Springer-Verlag, New York-Heidelberg, 1977. Graduate Texts in Mathe-
matics, No. 52.
[12] L. Illusie, Complexe de deRham-Witt et cohomologie cristalline, Ann. Sci. École Norm. Sup. (4),
12 (1979), pp. 501–661.
[13] D. C. Isaksen, A model structure on the category of pro-simplicial sets, Trans. Amer. Math. Soc.,
353 (2001), pp. 2805–2841.
[14] M. Kerz, The Gersten conjecture for Milnor K-theory, Invent. Math., 175 (2009), pp. 1–33.
[15] , Milnor K-theory of local rings with finite residue fields, J. Algebraic Geom., 19 (2010), pp. 173–
191.
[16] M. Kerz, H. Esnault, and O. Wittenberg, A restriction isomorphism for cycles of relative
dimension zero, Camb. J. Math., 4 (2016), pp. 163–196.
[17] M. Kerz and S. Saito, Chow group of 0-cycles with modulus and higher-dimensional class field
theory, Duke Math. J., 165 (2016), pp. 2811–2897.
[18] M. Lüders, Algebraization for zero-cycles and the p-adic cycle class map, to appear in Math. Res.
Letters., (2017).
[19] A. Mattuck, Abelian varieties over p-adic ground fields, Ann. of Math. (2), 62 (1955), pp. 92–119.
[20] S. Saito and K. Sato, A finiteness theorem for zero-cycles over p-adic fields, Ann. of Math. (2),
172 (2010), pp. 1593–1639. With an appendix by Uwe Jannsen.
[21] C. Voisin, Hodge theory and complex algebraic geometry. II, vol. 77 of Cambridge Studies in Advanced
Mathematics, Cambridge University Press, Cambridge, english ed., 2007. Translated from the French
by Leila Schneps.
Fakultät für Mathematik, Universität Regensburg, 93040 Regensburg, Germany
E-mail address : mortenlueders@yahoo.de
